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NON-EXISTENCE OF REFLECTIONLESS MEASURES FOR THE
s-RIESZ TRANSFORM WHEN 0 < s < 1
LAURA PRAT AND XAVIER TOLSA
Abstract. A measure µ on Rd is called reflectionless for the s-Riesz transform if the
singular integral Rsµ(x) =
∫
y−x
|y−x|s+1 dµ(y) is constant on the support of µ in some weak
sense and, moreover, the operator defined by Rsµ(f) = R
s(f µ) is bounded in L2(µ). In
this paper we show that the only reflectionless measure for the s-Riesz transform is the
zero measure when 0 < s < 1.
1. Introduction and Background
Fix d ∈ N and for 0 < s < d, consider the signed vector valued Riesz kernels
Ks(x) =
x
|x|1+s , x ∈ R
d, x 6= 0.
The s-Riesz transform of a real Radon measure µ is
Rsµ(x) =
∫
Ks(y − x)dµ(y),
whenever the integral makes sense. To avoid technical problems with the absolute conver-
gence of the integral, one considers the truncated s−Riesz transform of µ, which is defined
as
Rsεµ(x) =
∫
|y−x|>ε
Ks(y − x)dµ(y), x ∈ Rd, ε > 0.
Given a positive Radon measure and a function f ∈ L1(µ), we consider the operators
Rsµ(f) := R
s(fdµ) and Rsµ,ε(f) := R
s
ε(fdµ). We say that R
s
µ is bounded in L
2(µ) if the
truncated Riesz transforms Rsµ,ε are bounded in L
2(µ) uniformly in ε, and we set
‖Rsµ‖L2(µ)→L2(µ) = sup
ε>0
‖Rsµ,ε‖L2(µ)→L2(µ).
We are interested in the following conjecture: for non-integer 0 < s < d, the s-Riesz
transform never defines a bounded operator on a set of positive and finite s-Hausdorff
measure. For 0 < s < 1, this conjecture was solved in the affirmative by Prat [Pr] (see
also [MPV]), and for d − 1 < s < d by Eiderman, Nazarov and Volberg [ENV] (relying
on a previous result by Vihtila¨ [Vi]). In the case 0 < s < 1, this can be proved by the
symmetrization method, which was originally used by Melnikov [Me] in connection with
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SGR-75 (Catalonia). X.T. was also supported by the ERC grant 320501 of the European Research Council
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2 LAURA PRAT AND XAVIER TOLSA
the Cauchy kernel. For 0 < s < 1 and three different points x1, x2, x3 ∈ Rd, consider the
quantity
(1.1) ps(x1, x2, x3) =
1
2
∑
σ
xσ(2) − xσ(1)
|xσ(2) − xσ(1)|1+s
· xσ(3) − xσ(1)|xσ(3) − xσ(1)|1+s
,
where the sum is taken over the six permutations of the set {1, 2, 3} and “·” denotes the
scalar product. In [Pr, Lemma 4.2] it was proved that
ps(x1, x2, x3) ≈ 1
max{|x1 − x2|, |x1 − x3|, |x2 − x3|}2s .
As shown in [Pr, Theorem 4.4], it turns out that if µ is a finite positive Borel measure
such that
Θs,∗(x, µ) := lim sup
r→0
µ(B(x, r))
(2r)s
> 0 for µ-a.e. x ∈ Rd,
then
ps(µ) =
∫∫∫
ps(x1, x2, x3) = +∞.
If, moreover, µ(B(x, r)) ≤ c rs for all x ∈ Rd and all r > 0 (which is a necessary condition
for the L2(µ) boundedness of Rsµ if µ has no point masses), then we have∫
|Rsεµ(x)|2dµ(x) =
1
3
∫∫∫
|x1−x2|>ε
|x1−x3|>ε
|x2−x3|>ε
ps(x1, x2, x3)dµ(x1)dµ(x2)dµ(x3) +O(‖µ‖).
See [Pr, Section 4.4] for more details. As a consequence, for 0 < s < 1, we deduce that
(1.2)
if 0 < Θs,∗(x, µ) <∞ µ-a.e. and Rsµ is bounded in L2(µ), then µ is the zero measure.
In particular, there are no sets E ⊂ Rd with 0 < Hs(E) < ∞ such that for µ = Hs|E the
Riesz transform Rsµ is bounded in L
2(µ).
In the case d − 1 < s < d, (1.2) also holds, as well as the analogous consequence for
µ = Hs|E , because of the aforementioned works of Eiderman, Nazarov and Volberg [ENV]
and Vihtila¨ [Vi].
On the other hand, (1.2) remains open for non-integer values s ∈ (1, d − 1). In [JN]
Jaye and Nazarov reduce this open problem to the problem of describing the reflectionless
measures associated with Rsµ. One says that µ is reflectionless for the s-Riesz transform
if µ has no point masses, Rsµ is bounded in L
2(µ), and
(1.3) 〈Rsµ, ψ〉µ = 0,
for all Lipschitz continuous compactly supported functions ψ such that
∫
ψdµ = 0, where
Rsµ is defined modulo constants as a weak limit of the functions Rsεµ when ε→ 0. Recall
that a function ψ is called Lipschitz continuous if
‖ψ‖Lip = sup
x,y∈Rd,x 6=y
|ψ(x)− ψ(y)|
|y − x| <∞.
In particular, it is shown in [JN] that if, for a given s ∈ (0, d), the only reflectionless
measure for Rsµ is the zero measure, then (1.2) holds. Further, in the same work the
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authors prove that in the case s ∈ (d − 1, d) there do not exist non-zero reflectionless
measures for the s-Riesz transform, which yields a new proof of (1.2) for this range of s.
The main result of this paper is the following:
Theorem 1.1. There are no non-trivial reflectionless measures for the s-dimensional
Riesz transform if 0 < s < 1.
Our arguments to prove this result combine the symmetrization method described above
with some variational techniques which have already appeared in other previous works,
such as [ENV] and [NToV].
2. Preliminary results
In what follows, we assume that 0 < s < 1. Given a ball B ⊂ Rd of radius r(B), we
denote by θsµ(B) the average s-dimensional density of µ on B, that is
θsµ(B) =
µ(B)
r(B)s
.
Also we consider the “Poisson” type density
P(B) =
∑
k≥0
θsµ(2
kB)2−k.
This can be considered as a smoothened version of θsµ(B). Given two sets E,F ⊂ Rd, we
write
pµ(x,E, F ) =
∫∫
E×F
ps(x, y, z)dµ(y)dµ(z).
We say that µ has s-growth if there exists some constant c such that
(2.1) µ(B(x, r)) ≤ c rs for all x ∈ Rd and r > 0.
It is well known that if µ has no point masses and Rsµ is bounded in L
2(µ), then µ has
s-growth (see [Da, Proposition 1.4, p.56]). Further, as explained in the previous section,
by [Pr] µ satisfies
(2.2) Θs,∗(x, µ) = 0 for µ-a.e. x ∈ Rd.
As shown in [MaV] (see also [To2, Chapter 8]), then one deduces that for all f ∈ L2(µ),
(2.3) lim
ε→0
Rµ,εf(x) exists for µ-a.e. x ∈ Rd,
and it coincides µ-a.e. with Rµf(x), where Rµf is the weak limit of Rµ,εf as ε → 0. In
particular, this fact, as well as (2.1), (2.2) and (2.3), hold if µ is reflectionless for the
s-Riesz transform.
We need now to recall the definition of balls with thin boundaries. Given t > 0, a ball
B(x, r) is said to have t-thin boundary (or just thin boundary) if
µ
({y ∈ B(x, 2r) : dist(y, ∂B(x, r)) ≤ λ r}) ≤ t λ µ(B(x, 2r))
for all λ > 0. The following result is well known. For the proof (with cubes instead of
balls) see Lemma 9.43 of [To2], for example.
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Lemma 2.1. Let µ be a Radon measure on Rd. Let t be some constant big enough
(depending only on d). Let B(x, r) ⊂ Rd be any fixed ball. Then there exists r′ ∈ [r, 2r]
such that the ball B(x, r′) has t-thin boundary.
The next lemma will be also used later on.
Lemma 2.2. Let µ be a Radon measure on Rd. Let B be a ball with thin-boundary and
‖a‖∞ <∞. Then
(1) |Rsµ(aχB)(x)| ≤ C‖a‖∞θsµ(2B) ∀x ∈ 2B \B.
(2) |Rsµ(aχ2B\B)(x)| ≤ C‖a‖∞θsµ(2B) ∀x ∈ B.
Proof. We will only show (2), since the proof of (1) follows the same reasoning. Let r
denote the radius of our ball B. For x ∈ B we have
|Rsµ(aχ2B\B)(x)| ≤ ‖a‖∞
∫
2B\B
dµ(y)
|y − x|s
. ‖a‖∞
∑
k≥1
µ
(
B(x, 2−kr) ∩ 2B \B))
(2−kr)s
. ‖a‖∞
∑
k≥1
2−k(1−s)
µ(2B)
rs
. ‖a‖∞θsµ(2B),
since µ
(
B(x, 2−kr) ∩ 2B \B
)
. 2−kµ(2B) because of the fact that
B(x, 2−kr) ∩ 2B \B ⊂ 2B ∩ U2−k+1r(∂B)
and the thin-boundary property of B. Here Uδ(A) stands for the δ-neighborhood of A. 
Below we denote by Rsµ
∗ the adjoint of Rsµ. That is, if Rsµ,j stands for the j-th component
of Rsµ, for f = (f1, . . . , fd) we have
Rsµ
∗f(x) = −
d∑
j=1
Rsµ,jfj(x).
We use define analogously the ε-truncated operator Rs∗µ,ε.
Lemma 2.3. Let µ be a Radon measure on Rd with s-growth such that limr→0 µ(B(x,r))(2r)s = 0
for µ-a.e. x ∈ Rd. Then, for all bounded sets E,F ⊂ Rd and µ-a.e. x ∈ Rd,
(2.4) RsµχE(x) ·RsµχF (x) +Rsµ∗
(
(RsµχF )χE
)
(x) +Rsµ
∗ ((RsµχE)χF ) (x) = pµ(x,E, F ).
In particular,
|RsµχE(x)|2 + 2Rsµ∗((RsµχE)χE)(x) = pµ(x,E,E).
Proof. Fix ε > 0 and x ∈ Rd. Consider the sets
Sε = {(y, z) ∈ E × F : |y − x| > ε, |z − x| > ε, |z − y| > ε},
T 1ε = {(y, z) ∈ E × F : |y − x| > ε, |z − y| > ε, |z − x| ≤ ε}
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and
T 2ε = {(y, z) ∈ E × F : |y − x| > ε, |z − x| > ε, |z − y| ≤ ε}.
Then, using (1.1) (arguing as in [MeV, Section 2]), one can write
Rsµ,ε(χE)(x) ·Rsµ,ε(χF )(x) +Rs∗µ,ε
(
Rsµ,ε(χF )χE
)
(x) +Rs∗µ,ε
(
Rsµ,ε(χE)χF
)
(x)
=
∫∫
Sε
ps(x, y, z)dµ(y)dµ(z) + 2
∫∫
T 1ε
K(x− y) ·K(z − y)dµ(y)dµ(z)
+
∫∫
T 2ε
K(y − x) ·K(z − x)dµ(y)dµ(z)
= pµ,ε(x,E, F ) +Aε(x) +Bε(x),
(2.5)
the last equality being a definition for pµ,ε, Aε and Bε.
Notice that as ε goes to zero, by (2.2) and (2.3), the first term in the left hand side of
(2.5) satisfies
(2.6) lim
ε→0
Rsµ,ε(χE)(x) ·Rsµ,ε(χF )(x) = Rsµ(χE)(x) ·Rsµ(χF )(x) for µ-a.e. x ∈ Rd.
On the other hand, it is also clear that
(2.7) lim
ε→0
pµ,ε(x,E, F ) = pµ(x,E, F ) for all x ∈ Rd.
Concerning Aε(x) since |x−y| ≈ |z−y| in the domain of integration, using the s-growth
of µ, we get
|Aε(x)| ≤
∫∫
|y − x| > ε
|z − x| ≤ ε
|z − y| > ε
dµ(y)dµ(z)
|x− y|s|z − y|s .
∫
|y−x|>ε
µ(B(x, ε))dµ(y)
|x− y|2s
. θsµ(B(x, ε))→ 0 as ε→ 0, for µ-a.e. x ∈ Rd.
(2.8)
Let us turn our attention to Bε(x). Using that |x − y| ≈ |x − z| in the domain of
integration, we derive
|Bε(x)| .
∫
y∈E:|y−x|>ε
µ(B(y, ε))
|y − x|2s dµ(y).
Integrating with respect to x in Rd, applying Fubini, and using the s-growth of µ, we get∫
|Bε(x)| dµ(x) .
∫∫
y∈E:|y−x|>ε
µ(B(y, ε))
|y − x|2s dµ(y) dµ(x)
=
∫
y∈E
µ(B(y, ε))
∫
|y−x|>ε
1
|y − x|2sdµ(x) dµ(y)
.
∫
y∈E
µ(B(y, ε))
εs
dµ(y)→ 0 as ε→ 0,
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by the dominated convergence theorem. Hence we infer that there exists a sequence εk → 0
such that
(2.9) lim
k→∞
Bεk(x) = 0 for µ-a.e. x ∈ Rd.
Finally we deal with the second and third terms on the left hand side of (2.5). We write
fε(y) = R
s
µ,ε(χF )(y)χE(y) +R
s
µ,ε(χE)(y)χF (y),
so that Rs∗µ,εfε(x) equals the sum of the last two terms on the left hand side of (2.5). Also,
we set
f(y) = Rsµ(χF )(y)χE(y) +R
s
µ(χE)(y)χF (y).
We claim that for µ-a.e. x ∈ Rd there exists a subsequence εkj → 0 (depending on x) such
that
(2.10) lim
j→∞
Rs∗µ,εkj fεkj (x) = R
s∗
µ f(x).
To prove this, notice that Rsµ,εkf(x) → Rsµf(x) as k → ∞ for µ-a.e. x ∈ Rd and thus for
such x we have
lim inf
k→∞
∣∣Rs∗µ,εkfεk(x)−Rs∗µ f(x)∣∣ = lim infk→∞ ∣∣Rs∗µ,εkfεk(x)−Rs∗µ f(x) +Rs∗µ f(x)−Rs∗µ,εkf(x)∣∣
≤ lim inf
k→∞
∣∣Rs∗µ,εk(fεk − f)(x)∣∣.
Thus, for any λ > 0, by Chebyshev’s inequality, Fatou’s lemma, and the L2(µ) bounded-
ness of Rsµ,
µ
({
x ∈ Rd : lim inf
k→∞
∣∣Rs∗µ,εkfεk(x)−Rs∗µ f(x)∣∣ >λ})
≤ µ({x ∈ Rd : lim inf
k→∞
∣∣Rs∗µ,εk(fεk− f)(x)∣∣ > λ})
≤ 1
λ2
∫
lim inf
k→∞
∣∣Rs∗µ,εk(fεk − f)(x)∣∣2 dµ(x)
≤ 1
λ2
lim inf
k→∞
∫ ∣∣Rs∗µ,εk(fεk − f)(x)∣∣2 dµ(x)
≤ c
λ2
lim inf
k→∞
∥∥fεk − f∥∥2L2(µ).
Since the last limit vanishes, our claim (2.10) follows.
From the identity (2.5), for µ-a.e. x ∈ Rd, taking a suitable sequence εkj → 0, by (2.6),
(2.7), (2.8), (2.9), and (2.10), we infer that the identity (2.4) holds. 
3. The main Lemma
Main Lemma 3.1. Let µ be a reflectionless measure for the s-Riesz transform. Let B be
a ball with thin boundary. Then, for µ-a.e. x ∈ B,
pµ(x,B,B) . P(B)2,
with the implicit constant depending only on s and d.
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To prove the lemma we will use a variational argument inspired by analogous techniques
in [ENV] and [NToV]. The idea is that since µ is a reflectionless measure, it minimizes
some functional defined by the L2 norm of some function. Usually in potential theory, by
variational techniques, one can show that the minimizers of some energy satisfy pointwise
bounds. A similar phenomenon happens in our context. Let us also mention that the use
of ideas from potential theory in the study of problems in connection with Riesz transforms
is also present in other works such as [To1] or [Vo].
Proof. Let ν be a measure supported on B of type ν = gµ|B and set
F (ν) =
∫
B
|RsµχBc +RsνχB −mνB(RsµχBc)|2dν,
where mνB(f) =
1
ν(B)
∫
B
fdν. In what follows we write mB for m
µ
B.
Notice that by antisymmetry and the reflectionless property of µ,
F (µχB) =
∫
B
|Rsµ−mB(RsµχBc)|2dµ =
∫
B
|Rsµ−mB(Rsµ)|2dµ = 0.
For a small t ∈ R and a ball ∆, centered at x ∈ B, consider the measure
νt = µχB(1 + tχ∆) = µχB + tµχ∆∩B
and set g(t) = F (νt). Then g(t) ≥ 0 and g′(0) = 0.
Write fν = R
s
µχBc −mνB(RsµχBc) and fνt = ft, so that
g(t) =
∫
B
|ft +RsνtχB|2dνt =
∫
B
|RsνtχB|2dνt + 2
∫
B
ft ·RsνtχB dνt +
∫
B
|ft|2dνt.
Observe now that
ft = R
s
µχBc −
1
µ(B) + tµ(∆ ∩B)
∫
B
RsµχBc dµ−
t
µ(B) + tµ(∆ ∩B)
∫
∆∩B
RsµχBc dµ.
Notice that ∂tft|t=0 is constant. Indeed, we have
∂tft|t=0 =
µ(∆ ∩B)
µ(B)2
∫
B
RsµχBc dµ−
1
µ(B)
∫
∆∩B
RsµχBc dµ.
Hence, by using antisymmetry and the fact that ∂tft|t=0 is constant,
0 = g′(0) =
∫
B∩∆
|RsµχB|2dµ+ 2
∫
B
RsµχB ·RsµχB∩∆dµ+ 2
∫
B∩∆
f0 ·RsµχBdµ
+ 2
∫
B
f0 ·Rsµχ∆∩Bdµ+
∫
∆∩B
|f0|2dµ+ 2
∫
B
f0 · ∂tft|t=0dµ
=
∫
B∩∆
|RsµχB|2dµ+ 2
∫
∆∩B
Rsµ
∗[(RsµχB)χB]dµ+ 2
∫
B∩∆
f0 ·RsµχBdµ
+ 2
∫
∆∩B
Rsµ
∗(f0χB)dµ+
∫
∆∩B
|f0|2dµ+ 2
∫
B
f0 · ∂tft|t=0dµ.
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Then, assuming that x is a Lebesgue point for the functions |RsµχB|2, Rsµ∗[(RsµχB)χB],
f0 ·RsµχB, Rsµ∗(f0χB) and |f0|2, and that x ∈
◦
B, we deduce
0 = lim
r(∆)→0
g′(0)
µ(∆ ∩B) = |R
s
µχB(x)|2 + 2Rsµ∗((RsµχB)χB)(x)
+ 2f0(x) ·RsµχB(x) + 2Rsµ∗(f0χB)(x) + h(x),
(3.1)
where
h(x) = |f0(x)|2 + 2
µ(B)2
∫
B
RsµχBcdµ ·
∫
B
f0dµ− 2RsµχBc(x) ·
1
µ(B)
∫
B
f0dµ.
Write
f0 =
(
Rsµχ2B\B −mB(Rsµχ2B\B)
)
+
(
Rsµχ(2B)c −mB(Rsµχ(2B)c)
)
= h1 + h2,
the last identity being a definition for h1 and h2. Note that, for w ∈ B, by Lemma 2.2,
|h1(w)| . θsµ(2B). Moreover by standard estimates (which can be obtained by splitting
the domain of integration into annuli), we get
|h2(w)| ≤ 1
µ(B)
∫
B
∫
(2B)c
|K(y − w)−K(y − z)|dµ(y)dµ(z) . P(B).
Therefore, for all w ∈ B,
(3.2) |f0(w)| . θ(2B) + P(B) . P(B).
Hence,
(3.3) h(x) = |f0(x)|2 + 2mB(f0) ·mB(RsµχBc −RsµχBc(x)) . P(B)2.
Set
A1 = |RsµχB(x)|2 + 2Rsµ∗((RsµχB)χB)(x)
and
A2 = 2f0(x) ·RsµχB(x) + 2Rsµ∗(f0χB)(x).
In view of (3.1), (3.2), and (3.3),
(3.4) |A1 +A2| . P(B)2.
Since θsµ(w) = 0 µ−almost everywhere (see [Pr, Theorem 4.4]), by Lemma 2.3, A1 equals
pµ(x,B,B) µ-a.e. on B. We deal now with A2. Write
(3.5) A2 = 2
2∑
j=1
(
hj(x) ·RsµχB(x) +Rsµ∗(hjχB)(x)
)
.
Notice that for any vectorial constant k ∈ Rd, one has k · RsµχB(x) + Rsµ∗(kχB)(x) = 0.
Therefore for k = mQ(R
s
µχ2B\B) and j = 1 in (3.5), for µ-a.e. x ∈ B we obtain
h1(x) ·RsµχB(x) +Rsµ∗(h1χB)(x) = Rsµχ2B\B(x) ·RsµχB(x) +Rsµ∗
(
(Rsµχ2B\B)χB
)
(x)
= pµ(x,B, 2B \B)−Rsµ∗
(
(RsµχB)χ2B\B
)
(x),
the last step due to (2.4).
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We deal now with j = 2 in (3.5). Notice that for y ∈ B,
|h2(x)− h2(y)| = |Rsµχ(2B)c(x)−Rsµχ(2B)c(y)| .
∫
(2B)c
|x− y|
|z − y|s+1dµ(z) .
|x− y|
r(B)
P(B),
hence
h2(x) ·RsµχB(x) +Rsµ∗(h2χB)(x) =
∣∣∣∣∫
B
x− y
|x− y|s+1h2(x)dµ(y)−
∫
B
x− y
|x− y|s+1h2(y)dµ(y)
∣∣∣∣
≤
∫
B
|h2(x)− h2(y)|
|x− y|s dµ(y) .
P(B)
r(B)
∫
B
|x− y|
|x− y|sdµ(y)
. P(B)
r(B)s
µ(B) . P(B)2.
So we have shown that
|A2 − 2 pµ(x,B, 2B \B)| ≤ 2 |Rsµ∗
(
(RsµχB)χ2B\B
)
(x)|+ cP(B)2.
Therefore, from (3.4), taking into account that A1 = pµ(x,B,B) µ-a.e. on B, we deduce
pµ(x,B,B) + 2 pµ(x,B, 2B \B) . P(B)2 + |Rsµ∗
(
(RsµχB)χ2B\B
)
(x)| for µ-a.e. x ∈ B.
By using Lemma 2.2 with a = Rsµ(χB)χ2B\B, we have ‖a‖∞ . θsµ(2B), and hence we
get that
|Rsµ∗
(
(RsµχB)χ2B\B
)
(x)| . θµ(2B)2,
and then immediatly we obtain
pµ(x,B,B) + 2pµ(x,B, 2B \B) . P(B)2 for µ-a.e. x ∈ B,
which proves our lemma. 
4. Proof of the theorem
Lemma 4.1. Let 0 < s < 1 and let µ be a reflectionless measure for the s-Riesz transform.
There exists some constant δ > 0 small enough (depending only on s and d) such that if
B0 ⊂ Rd is a ball with
θsµ(B0) ≥ sup
x∈Rd,r>0
θsµ(B(x, r))
2
,
then every ball B ⊂ Rd such that B0 ⊂ δB satisfies θsµ(B) ≈ θsµ(B0), with the implicit
constant depending only on s and d.
Notice that in this lemma the ball B can be arbitrarily big. We do not ask r(B) ≈ r(B0).
Proof. We assume first that B0 ⊂ 12B. Let B′ be a ball with thin boundary such that
1
2B ⊂ B′ ⊂ B. Then, by [Pr] and Lemma 3.1, for µ-a.e. x ∈ B0,
θsµ(B0)
2 .
∫∫
B′×B′
dµ(y)dµ(z)
max{|x− y|, |x− z|, |y − z|}2s . pµ(x,B
′, B′) . P(B′)2.
Therefore
θsµ(B0) . P(B′) . P(B).
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We claim that this implies the existence of a ball B˜ ⊃ B, concentric with B, with compa-
rable radius, that is r(B˜) ≈ r(B), and such that
θsµ(B˜) ≥ θsµ(B).
To see this, notice that
θsµ(B0) ≤ P(B) =
∑
k
θsµ(2
kB)2−k ≤ max
1≤k≤j
θsµ(2
kB) + 2
∑
k≥j+1
θsµ(B0)2
−k
≤ max
1≤k≤j
θsµ(2
kB) + 2−j+3θsµ(B0),
which implies
θsµ(B0) . max
1≤k≤j
θsµ(2
kB)
for j big enough and hence the claim. Thus, for every ball B with B0 ⊂ δB (for a
sufficiently small δ), θsµ(B) & θsµ(B0).
The converse inequality θsµ(B) . θsµ(B0) holds by the choice of B0. So the lemma is
proved. 
We now prove the main result of this paper:
Theorem. If 0 < s < 1 there are no non-trivial reflectionless measures for the s-
dimensional Riesz transform.
Proof. Let µ be a non-trivial reflectionless measure for the s-dimensional Riesz transform.
Let B0 be a ball such that
θsµ(B0) ≥ sup
x∈Rd,r>0
θsµ(B(x, r))
2
.
Consider the sequence of balls Bk = 2
kB0. By Lemma 4.1, there exists k0 such that for
k ≥ k0, θsµ(Bk) ≈ θsµ(B0). Since for m ≥ 0,
µ(Bk+m) = r(Bk+m)
s θsµ(Bk+m) ≈ 2msr(Bk)sθsµ(Bk) = 2msµ(Bk),
there existsm ≥ 0 such that µ(Bk+m) ≥ µ(Bk)
2
. Consider the ballsBk0 , Bk0+m, · · · , Bk0+Nm,
and write B˜j = Bk0+jm for 0 ≤ j ≤ N . We can assume that B˜N has thin boundary due
to Lemma 2.1. Then Lemma 3.1 implies that for all N ,
(4.1) pµ(x, B˜N , B˜N ) . P(B˜N )2 ≈ θsµ(B0)2.
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But notice that
pµ(x, B˜N , B˜N ) ≈
∫∫
B˜N×B˜N
dµ(y)dµ(z)
max{|x− y|, |x− z|, |y − z|}2s
&
N∑
j=1
∫
B˜j
∫
B˜j\B˜j−1
dµ(y)dµ(z)
r(B˜j)2s
=
N∑
j=1
θsµ(B˜j)
µ(B˜j \ B˜j−1)
r(B˜j)s
≈
N∑
j=1
θsµ(B˜j)
2 ≈ Nθsµ(B˜0)2 −→
N→∞
∞,
which contradicts (4.1). 
5. Non-existence of reflectionless measures for other Caldero´n-Zygmund
kernels
In this section we consider the vectorial Caldero´n-Zygmund kernels
(5.1) Ks,n(x) =
(
xni /|x|n+s
)d
i=1
,
where x = (x1, · · · , xd) ∈ Rd \ {0}, 0 < s < 1 and n is an odd positive number.
For s = 1 and d = 2 it was shown in [CMPT] that for sets E ⊂ R2 with finite length
the L2(H1bE)-boundedness of the singular integral associated with any kernel of the form
xn1/|x|n+1 (or xn2/|x|n+1), n odd, implies rectifiability of E, extending the theorem of David
and Le´ger [Le´]. In [CP], the kernels (5.1) where considered to study the capacities related
to them. It was shown that, on the plane, the capacity associated with the vectorial
kernel (5.1) is comparable to the Riesz capacity C 2
3
(2−s), 3
3
of non-linear potential theory.
Furthermore, in [CP], an extension to higher dimensions of the aforementioned result
[CMPT] was given.
For three different points x1, x2, x3 ∈ Rd, consider the quantity
ps,n(x1, x2, x3) =
1
2
∑
σ
Ks,n(xσ(2) − xσ(1)) ·Ks,n(xσ(3) − xσ(1)),
where the sum is taken over the six permutations of the set {1, 2, 3} and “·” denotes the
scalar product. In [CP, Corollary 3.2] it was proved that
(5.2) ps,n(x1, x2, x3) ≈ 1
max{|x1 − x2|, |x1 − x3|, |x2 − x3|}2s .
We are now interested in studying the singular integral operator T s,n = (T s,ni )
d
i=1,
defined formally as
T s,ni (µ)(x) =
∫
Kn,si (x− y)f(y)dµ(y),
for a real Radon measure µ; as well as the truncated operators
T s,nε µ(x) =
∫
|y−x|>ε
Ks,n(y − x)dµ(y), x ∈ Rd, ε > 0.
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For a function f ∈ L1(µ), we consider the operators T s,nµ (f) := T s,n(fdµ) and T s,nµ,ε (f) :=
T s,nε (fdµ). We say that T
s,n
µ is bounded in L2(µ) if the truncated T
s,n
µ,ε are bounded in
L2(µ) uniformly in ε, and we set
‖T s,nµ ‖L2(µ)→L2(µ) = sup
ε>0
‖T s,nµ,ε ‖L2(µ)→L2(µ).
As for the s-Riesz transform, using (5.2) and following [Pr] one can deduce property (1.2)
for the operators Tn,s. And hence, by analogous arguments as in the proof of Theorem
1.1 one can prove:
Theorem 5.1. There are no non-trivial reflectionless measures for T s,n if 0 < s < 1.
By saying a measure µ is reflectionless for T s,n we mean that µ has no point masses,
T s,nµ is bounded in L2(µ), and (1.3) holds replacing Rs by T s,n.
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